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Thermally Induced Attitude Dynamics of a Spacecraft
with a Flexible Appendage

John D. Johnston* and Earl A. Thornton*
University of Virginia, Charlotte sville, Virginia 22903

The performance of a significant number of spacecraft has been impacted negatively by attitude disturbances
resulting from thermally induced deformations of flexible appendages. Motions of flexible appendages such as
deployable booms and solar arrays result in disturbance torques reacting on the main body of a spacecraft and
may have a significant effect on the attitude dynamics and control of the vehicle. The effects of thermally induced
structural disturbances of a flexible appendage on the attitude dynamics of a simple spacecraft are investigated. The
governing equations, including transient thermal effects, are formulated using a generalized form of Lagrange's
equations for hybrid coordinate dynamical systems. An approximate solution based on modal expansion is pre-
sented for the case of a step change in solar heating that simulates an orbital eclipse transition. Analytical models
are presented for the thermal-structural response of two types of flexible appendages: a thin-walled boom with tip
mass and a solar panel. Numerical results demonstrate that the attitude response of the system consists of a slowly
developing pointing error and superimposed oscillations whose magnitude is related to the ratio of the thermal
and structural response times of the flexible appendage.
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Nomenclature
= cross-sectional area, m2

= Boley parameter
= specific heat, J/kg-K
= damping constant, kg/m-s
= elastic modulus, N/m2

= thickness, m
= moment of inertia, m4

= mass moment of inertia for flexible boom, kg-m2

= mass moment of inertia for rigid hub, kg-m2

= inertia ratio
= composite mass moment of inertia for spacecraft, kg-m2

= mass moment of inertia for tip mass, kg-m2

= thermal conductivity, W/m-K
= length, m
= characteristic length, m
= thermal moment, N-m
= steady-state thermal moment, N-m
= tip mass, kg
= generalized modal coordinate
= radius, m
= hub radius, m
= heat flux, W/m2

= solar heat flux, W/m2

= temperature, K
= reference temperature, K
= thermally induced disturbance torque, N-m
= time, s
= displacement, m
= quasistatic displacement, m
= spatial coordinates, m
= absorptivity
= coefficient of thermal expansion, 1/K
= temperature difference, K
= steady-state temperature difference, K
= emissivity
= damping coefficient
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9 = attitude angle, rad
0qs = quasistatic attitude angle, rad
0SS = steady-state attitude angle, rad
K = thermal diffusivity, m2/s
p = density, kg/m3

a = Stefan-Boltzmann constant, W/m2-K4

x = thermal time constant, s
4> = shape function
CD = natural frequency, rad/s

Introduction

OVER the years the attitude dynamics and control of a sig-
nificant number of spacecraft has been adversely affected by

disturbances resulting from thermally induced structural deforma-
tions of flexible appendages.1-2 Examples of recent spacecraft ex-
periencing the disturbances include the Rubble Space Telescope
and the Upper Atmosphere Research Satellite. Thermally induced
structural disturbances are typically initiated during orbital eclipse
transitions when a spacecraft exits from or enters into the Earth's
shadow resulting in rapid changes in thermal loading. These sudden
changes in heating may lead to the rapid development of temperature
differences in structures. Temperature differences through the cross
section of appendages lead to differential thermal expansion, i.e.,
the hot side of the appendage expands more than the cold side, which
results in structural deformations. Slowly developing temperature
differences lead to quasistatic deformations, whereas rapidly chang-
ing temperature differences may lead to dynamic structural motions.
Motions of flexible appendages result in rigid-body rotations of the
entire spacecraft, because the total angular momentum of the sys-
tem is conserved. These potentially large attitude disturbances can
violate mission pointing accuracy and jitter requirements. The types
of flexible appendages known to experience these disturbances are:
booms (gravity gradient, antennae, and scientific instrument) and
solar arrays (flexible blanket and rigid panel).

Boley3 was the first to include inertia effects in calculating the
thermal-structural response of a beam subject to rapid heating and
presented the governing equations for the problem of thermally
induced vibrations in 1956. The approach taken by Boley was to
assume that the beam deformations can be represented by the su-
perposition of a quasistatic displacement and oscillations about that
displacement. Thermally induced deformations of rigid-panel solar
arrays and their effect on spacecraft control were investigated by
Zimbelman.4 He presented analyses for determining temperatures
and deformations resulting from orbital eclipse transitions, but did
not model the effect of solar panel dynamics (thermally induced vi-
brations). In recent years, a number of analytical, computational, and
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experimental investigations of thermally induced vibrations have
been carried out at the University of Virginia.1'5'8 Thornton1 in-
cludes a history of the problem and outlines approaches for obtain-
ing several solutions. References 5-8 present recent analyses for
spinning spacecraft booms and two types of flexible solar arrays.
Previous analytical studies of thermally induced vibrations have
considered flexible appendages fixed at their base (uncoupled dy-
namics) and have not considered interactions between the thermally
induced dynamic motions of the appendage and the rigid-body mo-
tions of the spacecraft (coupled dynamics). This paper presents a
new approach for the problem of thermally induced vibrations using
a coupled dynamic formulation for a system composed of a flexi-
ble appendage attached to a rigid body. The importance of this new
approach is that it gives direct insight into the effects of thermally
induced vibrations on spacecraft attitude dynamics.

The objective is to investigate the effects of thermally induced
structural disturbances on the attitude dynamics of a simple space-
craft consisting of a rigid hub with a cantilevered flexible appendage.
The equations of motion, including transient thermal effects, are ob-
tained using a generalized form of Lagrange's equations for hybrid
coordinate dynamical systems. An approximate solution based on
modal expansion is given for the case of a step change in heating,
which simulates the thermal loading experienced as a spacecraft ex-
its the Earth's shadow. Flexible appendage thermal-structural mod-
els are presented for two applications: a boom with tip mass and
a solar panel. Finally, computations demonstrate the thermally in-
duced dynamic response for the applications studied and investigate
the effects of key parameters on the coupled dynamics of the system.

Mathematical Model
The problem considered is the planar motions of a simple space-

craft (Fig. 1) consisting of a rigid hub and a cantilevered flexible
appendage with tip mass. The flexible appendage is modeled as a
Bernoulli-Euler beam of mass per unit length p A and bending stiff-
ness El. The tip mass is fixed at the free end of the appendage and
has negligible rotatory inertia. Two coordinate systems used in the
analysis are shown in Fig. 1. The 11-12 axes are located in an inertial
reference frame fixed with respect to motions of the spacecraft. The
B1-B2 axes are located in a body-fixed reference frame attached to
the hub with the B1 axis coinciding with the neutral surface of the
undeformed appendage. The origins of both sets of axes coincide
with the center of the hub. The attitude angle 9 measures rigid-body
rotations of the hub about its fixed center, and v ( x , t ) is the displace-
ment of the flexible appendage relative to the Bl axis. Only planar
motions of the system consisting of small rotations of the hub about
its center and bending vibrations of the appendage in the 11-12 plane
are considered, and there are no external forces or moments acting
on the system.

Thermal-Structural Analysis
The objective of the thermal-structural analysis is to predict the

transient response in terms of the temperature difference through the
cross section of the appendage and the resulting thermal moment.
The temperature difference is important because it induces the ther-
mal bending of the appendage. However, the temperature distribu-
tion over the cross section of the structural member is also important
because the spatial variation in temperature determines the thermal
bending moment. The problem considered is a thermally induced dy-

Heat flux, S
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Tip Mass
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Hub

namic response initiated by a sunrise orbital eclipse transition. The
thermal loading consists of a uniform heat flux in the 11-12 plane
directed normal to the top surface of appendage in its undeformed
state (Fig. 1). The heat flux is applied as a step function of time, such
that 5 = 0 for t < 0 and 5 = S0 for t > 0. It is assumed that the
heat flux remains constant for small rotations of the hub and small
appendage deformations, i.e., the thermal response is independent
of the dynamic response. Additionally, it is assumed that the varia-
tion in the temperature along the axis of the appendage is negligible;
thus, the temperature varies only through the cross section.

Thermal response problems for spacecraft structures involve a
combination of conduction and radiation heat transfer. The conser-
vation of energy equation is nonlinear and does not lend itself to
closed-form analytical solutions. The transient temperature differ-
ence for a given appendage can be determined from the govern-
ing equations and boundary conditions using finite element anal-
ysis or finite difference techniques. However, based on previous
investigations1'4 of radiantly heated spacecraft structures, the fol-
lowing approximate analytical expression for the transient temper-
ature difference through the cross section of a generic appendage is
proposed:

A7Xf) = Arss(l-*-'/T) (1)
From Eq. (1) it is seen that the temperature difference exhibits a ex-
ponential response that is typical of a first-order system subject to a
step input. The thermal time constant can be estimated from the ther-
mal diffusivity of the appendage, K = k/pc, and the characteristic
dimension over which the temperature varies Lchar:

Equation (2) provides an approximate value for the thermal time
constant associated with heat transfer through the cross section of
the appendage; a more accurate value can be obtained from finite
element analysis. The form of the spatial variation in temperature
for a particular appendage depends on the cross-sectional geome-
try, material properties, and the heat transfer boundary conditions.
The temperature distribution T ( y , z , t ) — Trcf determines the thermal
bending moment

MT(t) = \ EctctQ[T(y,z,t)-Tref]ydA (3)

where T ( y , z , t ) is the temperature through the cross section and
rrcf is a reference temperature. Integrating Eq. (3) over the cross
section of the appendage results in the following general expression
for the thermal moment:

Because the temperature does not vary along the length of the ap-
pendage, the thermal moment is a function only of time. Specific
results for the temperature difference and thermal moment are pre-
sented later for two applications.

Dynamics Analysis
The objective of the dynamics analysis is to predict the coupled

dynamic response of the system as characterized by the attitude
angle of the rigid hub, 0(f) , and the displacements of the flexible
appendage, v ( x , t ) . First, the equations of motion for the dynamic
response of the system are formulated using an energy methods ap-
proach. Next, a solution for the quasistatic response of the system, in
which inertia forces are neglected, is developed. Finally, an approx-
imate solution for the overall dynamic response is obtained using
the quasistatic solution and modal expansion.

Equations of Motion
The kinetic and potential energies, including thermal effects, for

a hub-appendage type hybrid coordinate dynamical system with
generalized coordinates 9(t) and v ( x , t ) are

— pAi)2 + pA(R$c + x)9i) dx

Fig. 1 Spacecraft model and coordinate systems. -mtip[i)2(L, 0 L)9v(Lt t)] (5)
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where T is the kinetic energy, V is the potential energy, an overdot
represents differentiation with respect to time, and a prime denotes
differentiation with respect to the spatial coordinate x. The kinetic
energy, which neglects higher-order terms, is written in terms of the
velocities of the discrete and distributed elements. The potential en-
ergy of the system includes contributions from the strain energy of
the elastic appendage, including contributions from thermal strain.
The thermal strain enters through the last term in Eq. (6), which
includes the thermal moment given in Eqs. (3) and (4). Addition-
ally, the nonconservative work associated with flexible appendage
damping is modeled as equivalent viscous damping

(7)

where cdamp = 2f conpA is the damping constant.
The equations of motion and boundary conditions for the system

are formulated using a generalized form of Lagrange's equations
given by Junkins and Kirn.9 The resulting governing equation for
the rigid-body rotations of the spacecraft hub is

where 7SC is the composite mass moment of inertia for the spacecraft

fL
/sc = /huh + PA / (Rsc + x)2 dx + mtip(Rsc + L)2 (9)

An expression for the thermally induced disturbance torque can be
obtained from Eq. (8) by moving the terms corresponding to motions
of the flexible appendage to the right-hand side of the equation:

pA(/?S( i)(x, r)dx +mtip(/?sc

(10)

The governing equation for the appendage deformations in the body-
fixed reference frame is given by

pA(Rx + x)0 + pAv + cdampi> + EIv1 v = 0 (11)

At* = 0, the appendage is cantilevered, and the geometric boundary
conditions are

u(0, 0 =

i/(0, 0 =

(12a)

(12b)

At x = L, the appendage supports the tip mass and the natural bound-
ary conditions for shear force and bending moment are

EIv'"(L, t) = mtip[i;(L, 0 (12c)

(12d)

Equation (12c) represents the shear force on the tip mass, and Eq.
(12d) represents the moment acting on the tip mass, where the right-
hand side is zero because the rotatory inertia of the tip mass is
neglected.

Quasistatic Response
A quasistatic response occurs for the case where inertia effects

are negligible, i.e., there are no dynamical effects (oscillations).
The quasistatic structural response consists of a succession of equi-
librium displacements each corresponding to the temperature dis-
tribution at a given instant in time. The quasistatic displacements

are obtained by neglecting terms corresponding to inertia forces in
Eqs. (11) and (12)

(13a)

(13b)
vqs(0,0 =0, vqs(0,0 = 0

Solving Eq. (13a) subject to the boundary conditions, Eq. (13b),
yields the solution for the quasistatic displacements of the ap-
pendage:

(14)

The quasistatic attitude angle is obtained by setting v(x, t) = uqs(jc,
0 in Eq. (8), which gives

MO = 0sS(l-e-'/T) (15)

where the steady-state quasistatic attitude angle is given by

Physically, the quasistatic attitude angle corresponds to the pointing
error induced through the action of the thermally induced quasistatic
deformation of the flexible appendage. The steady-state quasistatic
attitude angle is then a measure of the steady-state pointing error
induced by the appendage deformations. Later, it will be seen that
oscillations about the quasistatic attitude response (so-called jitter)
will result from appendage vibrations.

Approximate Transient Solution
An approximate form of the equations of motion stated in Eqs. (8)

and (1 1) is obtained using the quasistatic solution and a modal ex-
pansion. The assumed form of the solution is

, 0 = M*» 0

where qn(t) are the nth generalized modal coordinates, </>n(x) are
the nth shape functions, and N is the number of modes. The shape
functions are chosen to be the eigenfunctions from the free vibra-
tion response of a fixed-base cantilevered beam with tip mass. The
approximate equations of motion for the system are obtained by
substituting the assumed form of the solution into Eqs. (8) and (11).
Substituting first into Eq. (8) and rearranging gives

I ( qn

= -pA I
Jo

(Rsc + *)i>qs sc + L)i)qs(L, 0 (18)

Next, Eq. (11) is multiplied by </>m(x), and integrated over 0 < jc <
L. Substituting in Eq. (17) and using integration by parts twice to
introduce the boundary conditions at x = L yields

pA I (Rsc + x)4>m dx + mtip(flsc + L)0TO(L)

t1

•/<>
-f mtip

0

i
qn

J

r d jc l ' 1T\EI IL " " (
Jo J n = l L ^0

+ cdamp%s]0/n dt + mtipi;qs(L, t)4>m(L)

(19)
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where m — 1, 2, . . . , N. Thus, the governing equations have been
reduced to a set of N -f 1 coupled linear ordinary differential equa-
tions for the discrete coordinate 0(0 and the generalized modal
coordinates qn (t). These equations can be written in matrix form as

Heat flux, S

= {F(0} (20)

where [X}T = [0 q\ q2 ••• qn] are the generalized coordinates
for the system, and [M], [C], and [K] are N + 1 by N + 1 constant
coefficient matrices. The mass matrix is symmetric and includes
off-diagonal terms, which express coupling between the discrete
and distributed generalized coordinates. The stiffness and damping
matrices are both symmetric and diagonal. Numerical integration
of Eq. (20) leads to solutions for the thermally induced attitude
dynamics of the system.

Characteristic Parameters
It is possible to gain some insight into the character of the thermal-

structural response of a flexible appendage prior to undertaking a
detailed numerical study. A key parameter for assessing the potential
of a thermally induced dynamic response is given by Boley and
Weiner.10 The Boley parameter is defined as the square root of the
ratio of the characteristic thermal and structural response times of
the system:

where the characteristic thermal response time tT is given by Eq. (2)
and the characteristic structural response time ts is the period of
the fundamental mode of vibration for the appendage. Boley also
developed a relation for the dynamic amplification factor that gives
the ratio of the maximum dynamic displacement to the maximum
quasistatic displacement:

^dynamic (22)

From Eq. (22) it can be seen that for large values of B the dynamic
amplification factor is on the order of one. Under these circum-
stances quasistatic thermal-structural analysis is justified. This is
the case for a majority of terrestrial structures. For small values of
B the dynamic amplification factor is greater than one, and inertial
terms should be included in the thermal-structural analysis. Struc-
tures with a value of B on the order of one are typically susceptible
to thermally induced vibrations when subjected to rapid heating.

Applications
A numerical study was performed to investigate the attitude dy-

namics of the system resulting from thermally induced vibrations of
two types of flexible appendages: a boom with tip mass and a solar
panel. Results were obtained by performing numerical integration
of the equations of motion using the central difference method. The
simulations utilized N = 5 flexible modes, with a timestep based on
the highest mode included. The simple spacecraft used in the study
has a rigid hub with a mass moment of inertia of 1250 kg-m2 and a
radius of 1.0 m. Table 1 presents a list of properties for the flexible
appendages.

Table 1 Flexible appendage properties

Property

pA, kg/m
£/, N-m2

ttctc, 1/K
£
p, kg/m3

k, W/m-K
c, J/kg-K
a
s

Boom

0.087
84

1.69E-05
0.001
8026
16.6
502
0.30
0.13

Solar panel

1.77
817

2.3E-05
0.001

36.8 (honeycomb core)
1 .5 (honeycomb core)
92 1 (honeycomb core)

0.79 (upper)
0.81 (upper),
0.86 (lower)

AT=Thot-Tco.d

Fig. 2 Spacecraft boom cross-sectional geometry.

Boom with Tip Mass
The first application studied is a boom with tip mass.11 This ap-

plication is useful for studying the behavior of deployable booms
that support a scientific instrument or other payloads at their free
end. The boom (Fig. 2) is modeled as a thin-walled circular cross-
sectional tube of radius R and wall thickness h. The thermal model
assumes one-dimensional conduction around the circumference of
the tube and heat loss from emitted radiation on its external surface.
An approximate analytical solution for the temperature distribution
is given by Thornton.1 The magnitude of the temperature difference
has the form

A7XO - (aS0T/pch)(l - e-t/r** (23)

where

ttubc = [(k/pcR2) + (4crs/pch) - (a5(,/7Tcre)J j (24)

is the thermal time constant. The form of Eq. (24) is similar to the
form of the thermal time constant proposed in Eq. (2). The first
term in Eq. (24) is associated with conduction heat transfer and
the second term corresponds to radiation heat transfer. For typical
metallic spacecraft booms the first term dominates the thermal time
constant justifying the form of Eq. (2). The thermal moment is
obtained by integrating Eq. (3) over the cross section of the boom

MT(t) = ± (25)

The model utilized in the numerical study uses properties for a
stainless-steel Bi-STEM boom with a length of 7.5 m, a radius of
9.53E-03 m, a wall thickness of 2.03E-04 m, and a 1.5-kg tip mass.
The thermal time constant is 22.02 s from Eq. (2) and 21.93 s from
Eq. (24). The boom has a fixed-base (constrained) fundamental fre-
quency of 0.096 Hz, which, using Eq. (2) for tT, results in a value
of 1.45 for the Boley parameter. For this value of B we may expect
thermally induced oscillations. Figure 3 presents the transient tem-
perature difference through the cross section of the boom due to the
suddenly applied heat flux. The temperature difference reaches a
steady-state value of 11 K in approximately 150 s. The correspond-
ing boom deformations are shown in Fig. 4, which presents the tip
displacement in the body-fixed reference frame. The motions con-
sist of a quasistatic displacement and superimposed oscillations. The
quasistatic displacement has a steady-state value of —0.34 m. The
oscillations have a peak to peak magnitude of 0.05 m and occur at a
frequency of 0.10 Hz, which corresponds to the fundamental mode
for the combined (unconstrained) rigid-hub/boom system. Because
of the conservation of angular momentum, the hub undergoes ro-
tations in the direction opposite to the boom motions. The attitude
angle response (Fig. 5) consists of a slowly developing quasistatic
rotation (pointing error) and superimposed oscillations (jitter). The
pointing error has a steady-state value of 0.20 deg and the jitter has
a 0.03-deg peak-to-peak amplitude. The rigid-body rotations occur
at the same frequency as the flexible boom vibrations.

A parameter study was completed to investigate the effects of
varying the rigid-hub mass moment of inertia on the dynamic
response of the system. The study utilized the same boom and
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Fig. 3 Temperature difference vs time for boom with tip mass.
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Fig. 4 Tip displacement vs time for boom with tip mass.

200

Fig. 5 Attitude angle vs time for boom with tip mass.

tip mass parameters as in the preceding section. The hub radius
was maintained at 1.0 m, and 7hub was varied between 125 and
12,500 kg-m2. The results of the study are presented in Fig. 6 in
terms of a dimensionless inertia ratio, 7ratio = /hub/(A>oom + AiP)-
The following trends are observed as the inertia ratio increases: 1)
the frequency of the disturbance approaches the fundamental fre-
quency of a fixed-base cantilever beam (0.96 Hz), 2) the magni-
tude of the steady-state attitude angle (pointing error) approaches
zero, and 3) the peak amplitude of the attitude oscillations (jitter)
approaches zero. Thermally induced structural disturbances occur
at the fundamental frequency of the combined rigid-hub/flexible-

0.125

^ 0.1
£
10.075

I
"• 0.05

Frequency
Boley parameter
Steady-state attitude angle
Peak attitude angle jitter

1.25

25 50 75 100
I ratio

Fig. 6 Dynamic response as a function of inertia ratio.

Heat flux, S

Upper facesheet

1.1

1

0.9

0.8

0.5 ,

0.3

0.2

0.1

0

Lower faces heet

AT=Tupp.r-T.ow.r

Fig. 7 Solar panel cross-sectional geometry.

appendage system. As the mass moment of inertia of the rigid hub
increases, the fundamental frequency of the system and the corre-
sponding disturbances decrease to the frequency of a fixed-base can-
tilever beam, which is in agreement with previous research12 that has
shown that unconstrained natural frequencies approach constrained
(fixed-base) natural frequencies from above as rigid-body inertia
increases.

Note that the coupled dynamic formulation correctly predicts the
change in the disturbance frequency with changing inertia ratio,
whereas a fixed-base thermally induced vibrations formulation only
gives the correct frequency for systems with large values of /rati0.
In terms of the attitude response, as the mass of the hub becomes
large the rigid-body inertia of the system approaches infinity, and
the torque resulting from motions of the boom and tip mass has a
diminishing influence. Conversely, as the inertia ratio approaches
unity, the pointing error and jitter dramatically increase, which has
important implications for small satellite design.

Solar Panel
The second application represents the behavior of solar panels13

that utilize a honeycomb sandwich construction. The panel cross-
sectional geometry (Fig. 7) consists of a honeycomb core onto which
are bonded upper and lower facesheets. The honeycomb core is mod-
eled as a uniform solid using effective properties based on the core
cell size and foil gauge. The effects of solar cells, coverglass, and ad-
hesives are neglected. The thermal model assumes one-dimensional
conduction through the thickness of the panel and emitted radiation
on the upper and lower surfaces. The temperature of the solar array,
T(y, 0> is assumed to be independent of x and z and to vary only
through the thickness of the array in the y direction. The temperature
is assumed constant through the thickness of the facesheets, where
Tupper (0 and 7iower(0 are the temperatures of the upper and lower
facesheets, respectively. Thus, the temperature varies only through
the honeycomb core, and the temperature difference through the
thickness is given by A T(t) — rupper(0 - 7iower(0. The steady-
state temperature difference can be obtained by writing the heat
balance equations at thermal equilibrium.14 At steady state, the heat
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absorbed is balanced by the heat radiated from the upper and lower
surfaces by thermal radiation:

(26)

Additionally, at steady state the heat flux through the thickness of
the honeycomb core is balanced by the thermal radiation flux from
the lower surface:

fchc-
upper ^ lower)

= ffSlo' (27)

Equations (26) and (27) can be solved using an iterative solution
technique to obtain the upper and lower surface temperatures and
the corresponding steady-state temperature difference. The ther-
mal time constant is found from Eq. (2) using the thermal diffusivity
of the honeycomb core and the characteristic dimension over which
the temperature varies, in this case, the thickness of the honeycomb
core. Comparison with finite element analyses shows that iteratively
solving Eqs. (26) and (27) gives the correct value for the steady-state
temperature difference. The value for the thermal time constant from
Eq. (2) is 20% greater than the value obtained from finite element
analysis because the approximate expression neglects contributions
from radiation heat transfer. Thus, finite element analysis provides
a more accurate determination of the thermal time constant for solar
panels. The thermal moment for the panel is obtained from Eq. (3) by
assuming that only the facesheets contribute to the bending stiffness
of the solar panel:

MT(t) = (28)

where h is the distance between the centroids of the upper and lower
facesheets.

The solar panel studied consists of 2.54E-04-m-thick aluminum
(6061-T6 alloy) facesheets and an 9.525E-03-m-thick aluminum
(5056 alloy) honeycomb core with a cell size of 6.35E-03 m and
a nominal foil gauge of 2.54E-05 m. The solar panel has a length
of 7.5 m and a width of 1.0 m. The thermal time constant, from
Eq. (2), is tT — 1.99 s and the panel has a fixed-base fundamental
frequency of 0.21 Hz, which results in a Boley parameter of 0.65.
For B in this range, we again expect thermally induced oscillations.
Figure 8 presents the transient temperature difference through the
thickness of the solar panel from Eq. (1). The temperature differ-
ence reaches a steady-state value of 3.3 K in approximately 10 s.
Figure 9 presents a plot of the solar panel displacements at the free
end (x = L) in the body-fixed reference frame. The motions consist
of a quasistatic displacement and superimposed oscillations. The
quasistatic displacement has a steady-state value of —0.22 m. The
oscillations, which are seen to decay due to damping, have a maxi-
mum peak-to-peak amplitude of 0.12 m and occur at a frequency of
0.24 Hz. The attitude response (Fig. 10) consists of a slowly devel-
oping pointing error superimposed with decaying oscillations. The

10

Q)
Q.

Q)

| |Solar heat flux

50 100
t ( s )

150 200

200

Fig. 9 Tip displacement vs time for solar panel.
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Fig. 10 Attitude angle vs time for solar panel.
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Fig. 11 Dynamic response as a function of solar panel length.

pointing error has a steady-state value of 0.23 deg, and the decay-
ing oscillations have a 0.15-deg maximum peak-to-peak amplitude
(jitter).

A parameter study using the same rigid hub and solar panel prop-
erties as the preceding example investigated the effect of varying
solar panel length between 1.0 and 30.0 m on the dynamic response
of the system. The following trends are observed in Fig. 11 as the
length of the solar panel increases: 1) the frequency of the ther-
mally induced structural disturbance decreases, 2) the magnitude
of the steady-state attitude angle (pointing error) increases, and 3)
the amplitude of the attitude angle oscillations (jitter) increases.
The total mass of the solar panel increases with increasing length,
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which results in a decrease in the frequency of rigid-hub/solar panel
system and the corresponding thermally induced structural distur-
bance. The increase in pointing error is also due to the increase in
solar panel mass, which leads to an increase in the magnitude of the
disturbance torque reacting on the hub. The decrease in the funda-
mental frequency of the system leads to a corresponding decrease in
the Boley parameter. Recall that as the Boley parameter decreases,
the dynamic amplification factor increases, i.e., there is an increase
in the ratio of the maximum dynamic displacement to the maximum
quasistatic displacement for the solar panel. This results in a corre-
sponding increase in the ratio of the maximum attitude angle to the
quasistatic attitude angle. Thus, the attitude dynamics of the system
are related to the Boley parameter B, where for large values of B
the attitude response consists of a slowly developing pointing er-
ror (quasistatic response) and for small values the response consists
of a pointing error and superimposed jitter, where the ratio of the
peak dynamic attitude angle to the peak quasistatic attitude angle
approaches a maximum of 2.0 as B -> 0.

Conclusions
A formulation for studying the attitude dynamics of a simple

spacecraft incorporating the effects of a flexible appendage undergo-
ing thermally induced vibrations has been presented. The governing
equations, including transient thermal effects, were developed using
a generalized form of Lagrange's equations for hybrid coordinate
dynamical systems. The formulation was then utilized to study the
problem of the dynamic response to a step change in solar heating
for two types of flexible appendages: a thin-walled boom with tip
mass and a solar panel. Results from the numerical study showed
that 1) the dynamic response of the flexible appendage consists of a
quasistatic displacement and superimposed oscillations whose mag-
nitude is related to the Boley parameter B = VOrAvX where tT
is the thermal time constant and ts is the period of the fundamental
mode of vibration; 2) due to conservation of angular momentum the
hub undergoes rigid-body rotations in the direction opposite to the
appendage deformations; 3) the dynamic response of the system is
at the frequency of the fundamental mode of the combined rigid-
hub/flexible-appendage system; and 4) systems for which B ^> 1.0
will undergo a quasistatic response, and those for which B « 1.0
will experience a thermally induced dynamic response. In conclu-
sion, the coupled dynamic formulation for thermally induced atti-
tude dynamics presented offers several advantages over previous
fixed-base thermally induced vibrations (uncoupled dynamics) for-
mulations, because the new formulation predicts the thermally in-
duced dynamics of both the spacecraft and the appendage and also

correctly predicts the frequency of the disturbance for a range of
spacecraft inertia ratios.
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